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INTRODUCTION
E. Kleinfeld showed ([1]) that a semi-prime 2-divisible non-associative ring
R in which the associators belong to the nucleus N, is associative and K.
Sitaram and K. Suvarna published an article ([3]) in which they proved that a
2- and 3-divisible prime assosymmetric ring is a Thedy ring, which is either
associative or commutative.
The purpose of our note is, to show that the argumentations and results in
these propositions can be simplified and improved and that there is a kind of
connection between both theorems.
Kleinfeld's proof can be shortened considerably.
Sitaram's theorem has two deficiencies. First of all, an assosymmetric com-
mutative ring is associative, since in each ring the identity [xy, z] - x[y, z] -
- [x, z]y = {x, y, z} + {z, x, y} - {x, z, y} holds, and hence the conclusion about
the commutativity has to be omitted. Secondly, it is very easy to prove the more
general theorem: a 2- and 3-divisible semi-prime assosymmetric ring is asso-
ciative. The intervention of the Thedy ring (a ring in which an associator
commutes with every element of the ring) is irrelevant.
PRELIMINARIES
We recall some definitions and theorems.
(a) If R is a non-associative ring, then there exists an R-ideal K in the
nucleus N, such that for each R-ideal I with I!: N, we have I!: K. K is obviously
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a maximal R -ideal in N. Moreover, K turns out to be the set of elements in R,
such that each n-product in R (n ~ 3) with at least one factor in K, is stable, i.e.:
it does not depend on the bracketing ([4], [5] and [7] section 9.9).
(b) If a non-associative ring R has the property that each associator lies in
N, then R is called (3,5)-associative. Let V be the ideal, generated by all the
associators in R, then a 2-divisible non-associative ring R is (3,5)-associative,
if and only if Vr;,N ([6], definition 4, theorem 2.1 and [7], theorem 4.6).
R is called n-divisible, if nx =0 implies x =o.
V is the set of finite sums of elements of type {x, y, z} and {x, y, z}t.
(c) A non-associative ring R is called assosymmetric, if {x y, z} =
= {P(x), P(y), P(z)} for each permutation P of x, y and z.
It is proved in [2] that in a 2- and 3-divisible assosymmetric ring R the identity
{{x,y, z},t,u} =0 holds for all x,y, z.t.u e R.
We shall give another proof of this formula.
MAIN RESULTS
THEOREM 1. A semi-prime non-associative 2-divisible ring R in which the
associators belong to N, is associative.
PROOF. If W is an ideal in the nucleus N of R, then WV = (0). Indeed,
suppose we W, hence we K; for all '\> '2' '3 e R we have:
W{'I' '2' '3} = W('I'2·'3 -'1· '2'3) = W'I'2'3 - W'I'2'3 =0
and
W[ {'I> '2"3 }'4] = W[('I'2" '3)'4 - ('1· '2'3)'4] =W'I'2'3'4 - W'I'2'3'4 =o.
R is (3,5)-associative, hence V r;, N. Now choose W =V and we find V2 =(0),
so V = (0), i.e. R is associative.
LEMMA. A 2- and 3-divisible assosymmetric ring R is (3,5)-associative.
PROOF. A 4-associator ([6] and [7], chapter 2) is of type
{x, y, Z,t} =x{y, Z,t} + {x, y, z}t=x{P(y), P(z), P(t)} +
+ {p(x), P(Y), P(z)} t.
Hence the following identity holds:
{x, z, y, t} + {z, y, t, x} + {t, X, Z, y} = {x, t, z, y} + {z, y, x, t} + {t, Z, y, x}.
We develop both sides:
{xz, y, t} - {x, zy, t} + {x, z, yt} + {ZY, t, x} - {z, yt, x} +
+ {z,y, tx} + {tx, z, y} - {t,xz, y} + {t,x, zy] =
(1) = {xt, z, y} - {x, tz, y} + {x, t, Zy} + {ZY, x, t} - {z, yx, t} +
+ {z, y,xt} + {rz, y, x} - {t, zy,x} + {t, Z, yx} and hence
2{tx,y, z} =2{xt,y, z}, i.e. {[t,x],y, z} =0.
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From the identity {x, y, z} + {y, z, x} + {z,x, y} = [xy, z)+ [YZ, x) + [zx,Y), valid
in an arbitrary ring, we conclude 3{x, y, z} = [xy, z)+ [Yz, x) + [zx, y) and hence
3{{x, y, z}, t,u} = ([xy, z)+ [Yz, x) + [zx,y), t,u} = 0, according to (l), and so
{{x, y, z}, t,u} = O. Hence R is (3,5)-associative.
THEOREM 2. A 2- and 3-divisible semi-prime assosymmetric ring R is asso-
ciative.
PROOF. From the lemma it follows that R is (3,5)-associative and then from
Theorem 1, that R is associative.
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